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Abstract 

We study the resonant Lane-Emden problem 

-ApU = Ap\u\'^^'^u in n, 
M = on dCl, 

where Ap is the first eigenvalue of the p-Laplacian operator Ap, p > 1, and q is close to p. The solution Uq of this 
problem is obtained by a suitable scaling of a positive extremal Wq of the Rayleigh quotient associated with 

the immersion Wg'^iCl) ^ L'?(n). Our main result is the convergence — )• 6pep in (Q) as q — > p, where 



exp M|ep||p'' I^Sp |lnep| dx 



and ep is the positive and L°°-normalized first eigenfunction of the p-Laplacian. An immediate consequence 

of our result is that the best constant of the immersion Wg'''(Q) ^ L''(Q) is differentiable at q = p. Our ap- 
proach allow us to handle both sub-linear and super-linear cases simultaneously and it is based on L'^ and Lf 
estimates that we prove by using level set techniques. We also generalize to the space C^(0) previous results 
on the asymptotic behavior (as q ^ p) of the positive solutions m^,^ of the non-resonant problem (0 < A ^ Ap). 
Moreover, we indicate how to obtain the first eigenpair (Ap,ep) of the p-Laplacian as the limit (when q ^ p) 
in the space C^(n) of a suitable scaling of the pair (A, m,\^) for each A > 0. For computational purposes the 
advantage of this approach is that A does not need to be close to Ap. 

2000 Mathematics Subject Classification. 35J20; 35J25; 35J70. 
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1 Introduction 

Consider the Lane-Emden problem 

-ApM = A|m|''~^m infl, 

M = on an, ^ ' 
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where A > 0, Q C is a bounded and smooth domain, N > 2, ApU = div (|VM|''"^VMj is the p-Laplacian op- 
erator with p > 1, and 1 < q < p*, with p* denoting the Sobolev critical exponent defined by p* = Np/ (N — p), 
if 1 < p < N, and p* = co, ii p ^ N. 

If q = p, we have the p-Laplacian eigenvalue problem 

-ApU = X\u\^~'^u in Q 

u = on an ^ ' 

whose first eigenvalue Ap is positive, simple, isolated and admits a first positive eigenfunction Cp G C^'" (O) 
satisfying 1 1 fip 1 1 ^ = 1 in H. (We maintain this notation from now on.) Moreover, Ap also is characterized by the 
minimizing property 

We recall that u E W^'^ (Cl) is a weak solution of ^ if, and only if, 

/ \Vu\^~^Vu-V(pdx = X I \u\'^~^u(pdx ioraWcp ew]'^ {O.) . (4) 

1 V 

This means that w is a critical point of the energy functional Jx^^ ' {^) ~^ ^ given by 

= - / [ \v\Ux. 

' p Jci q Jn 

In the super-linear case p < q < p* the existence of at least one positive weak solution u;^^^ of that mini- 
mizes /,\ ,j among all possible nonzero weak solutions follows from standard variational methods. Weak positive 
solutions satisfying this minimizing property are known as ground states. As shown in |9| nonuniqueness of 
positive weak solutions occurs for ring-shaped domains when q is close to p*. On the other hand, when G is 
a ball, there exists only one positive weak solution (see |1|), thus it must be a ground state. For the Laplacian 
(p = 2) imiqueness happens for a general domain O if is sufficiently close to 2 (see [6',T5'|). 

In the sub-linear case 1 < q < p the existence of a positive weak solution follows both from the sub- and 
super-solution method or from standard variational arguments concerning the global minimum of the energy 

functional /;\^ in Wq'^ (Ci,). The imiqueness of such a weak positive solution is proved in 1 1211 . 

In both cases a proof of existence by applying the subdifferential method can be foimd in fT6l , where we can 
also find the proof of the boundedness (in the sup norm) of any positive weak solution of a result which 
implies the C^'*(n) -regularity by applying well-known estimates (see iBrTJ/TSl). 

With different goals, the asymptotic behavior when q ^ p of the Lane-Emdem problem has been studied 
by many authors since the 1990s. For example, in |9| for p > N, A = 1 and q p*; or in |20| for p = N, A = 1 

and q ^ cxi. In fill , the asymptotic behavior in Wq'^ (Ci,) of the positive ground states M/\,q, as q ^ p^, was 
described for all positive values of A. In that paper a ground state u,\ ^ was obtained as the minimum of /a ,j on 

the positive Nehari manifold. More recently, the asymptotic behavior with — > p~ in Wq'^ (Ci) was described in 

In the present paper we first consider the resonant Lane-Emdem problem (|l]l, that is, the case A = Ap and its 
positive solution w^, obtained by means of a suitable scaling of the L"? -normalized extremal iVq of the Rayleigh 

quotient Rq{u) = 1| Vm1|^ / 1|m1|^. (From now on \\v\\j. stands for (J^ |u|'' rfx) r .) 
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By using level set techniques we prove an a priori bound in L°°(n) for Uq, valid \i q (z [1, p-^^^). We apply 
it to obtain uniform boundedness of these functions in C^'"(n) and prove the -convergence Uq 6pep when 
q ^ p, where 

Op := exp (^\\ep\\~^ j^e^ \lnep\dx^ . 

A consequence of this result is the differentiability at q = p of the function q e [1/ p*) e M, where \q 

denotes the minimum of the Rayleigh quotient Rq on Wo'''(n)\{0}. 

We emphasize that our approach unifies both sub-linear and super-linear problems, which is an impor- 
tant contribution to the complete understanding of the asymptotic behavior of the resonant case. (Previous 
approaches treated separately the sub-linear and super-linear problems and although the families of solutions 
were known to have a subsequence converging to a multiple of Cp, this multiple was unknown; in principle, 
different multiples of ep could be obtained as limits of these families and even these limits could depend on the 
converging subsequence.) 

Regarding the non-resonant case < A 7^ Ap, we prove that 

1- II II f 0, if A < Ap , II II f 00, if A < Ap 

lim mao = s -r ^ 1 and lim mao Li = s n -r ^ (5) 

g^p-ll Mllci I 00, if A>Ap g^p+ll '^''?llci \ 0, if A>Ap. ^' 

These results are stronger than those in |3| and IfTTl and obtained by a different method. (Here := + 

II Vcjloo is the norm of a function v in C^(n).) 

Finally, we show how to obtain a first eigenpair of the p-Laplacian as limit of positive, normalized (in L°° and 
L*? norms) solutions of ||T]|. More precisely, we prove that for each A > and for any q„ p we have the (O) 
convergences 



lim fAlluAa W''"''') = lim (a\\u;^„ f""^) = Ap 



'-n > e„ and -n -rr 



This result might be useful for numerical computation of the first eigenvalue of the p-Laplacian (see l5ll), 
since it does not require A to be close to Ap and is also independent of the sequence qn p. 

This paper is organized as follows. Section 2 is dedicated to the resonant case. We obtain U and estimates 
of the solution Uq of the resonant problem and prove our results on the asymptotic behavior as q ^ p. In this 
section we also show that a suitable scaling of the pair (A, i'A,(y) associated with the non-resonant Lane-Emden 
problem ^ for arbitrary A > produces the first eigenpair (Ap,ep). In Section 3 we handle the asymptotic 
behavior lO for the non-resonant problem. 

2 Asymptotic behavior for the resonant problem 

In this section we consider the resonant Lane-Emden problem 

-ApM = \p\u\'^^^u in n 

M = on an, ^ ' 



and its energy functional given by 

A 



L(u) :=- [ \Vu\Pdx-^ [ Iwl'^dx forallM e Wn'''(n), 
' pin q Jci u \ / 
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1 V 

A well-known consequence of the compactness of the immersion Wq (O) ^ L'?(n) for 1 < q < p* is that 
the quotient Rc, : W^'^ (n) \ {0} — >R defined by 



attains a positive minimum at a positive and L*? -normalized function zvq E Wq'^ (H) n C^'" (O) 



= 1 and A, := inf {^^(m) : m e W^'f (Q) \{0}} = R^{w^). (7) 

It is straightforward to verify that iVq is a weak solution of 

-ApM = A(j|m|''~^m in Q 
M = on3n. 

As a consequence of this fact, the function 



Ap 



1-p 

Wa (8) 



is a positive weak solution of the resonant Lane-Emden problem ll6ll and this notation will be maintained from 
now on. 

In the super-linear case 1 < p < q < p* this weak positive solution satisfies the minimizing properties 

ll«J,<l|-''ll, (9) 

and 

< Ic,{v) (10) 

ifvE Wq'^ (Q) \ {0} is a weak solution of lUll, so Uq is a ground state. 

There is no extremal for Rp* in the critical case q = p*. However, the value of Ap* does not depend on the 
bounded domain O. In fact, Ap* = ^ where Sm,p is the Sobolev constant, that is, the best constant of the Sobolev 
Inequality 

j_ 1 

SN,p(^J^^\uf dxY* < (^J^^\VufdxY , forallM e Wi'P(M^)\{0}. (11) 
It is well-known (see IITTII ) that 



Sn,p = VnN^ ^j-^j (, r(l + N/2)r(N) ) 



(12) 



where T[t) = "rfs is the Gamma function. 

Therefore, for any bounded domain D c one also has 



'p,N 



D 



\ufdx]''*<([ |VM|''ixy , forallM e W^'P(D)\{0}. (13) 
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Lemma 1 The function q E [1, p*) — > |n| e M /s non-increasing. In particular 



1 

l".ll,= (xj) (14) 



Proof. Let u e Wg'^ (Q) \{0} and 1 < qi < q2 < P* ■ Holder inequality implies that 



in 



Ml 

n 



'/2 



Hence we obtain 



thus implying 
what yields 



|n| ?2 ft A<,2 < J?<ji (m) for all u e W^''' (H) \{0}, 



|n|'2 n A,, < A,i = inf : u e W^'^ (n)\{0}} 



p I. p 

and |n| ''2 Aqj < |n| ''i A^j^. The inequality in | |14|| now follows from the monotonicity of |n| ' A^. □ 

Now, inspired by arguments based on level set techniques developed in fl3l (see also HI Theor. 2]) we 
develop an explicit upper bound to any bounded and positive solution Vq of the resonant Lane-Emden problem 
(|6j. This bound will allow us to obtain uniform estimates for with respect to q E [1, 



Theorem 2 Let E Wg'^ (Q) be a hounded and positive solution of the resonant Lane-Emden Then, for alll < q < 

P+N{p-1) V 

||i^,L < (-Kn^p)^^^^^ (lli'Ji)^^^^^ (15) 



where 



and Sn,p is given by (fT2] >. Thus, X]v,p is a positive constant that depends only on p, N and O. 

At = {x eCI:Vci> t] . 



Proof. For each < t < bo let 

II 4 1 1 DO 



The function 



,\+ r i n1 \ Vn- t, \{ Va> t, 

t) =max{z;,-f,0} = | ^ 



belongs to Wg'^ (Q). Classical results (SHilKTHl guarantee that Vq e C^'" (O) for some < a < 1. Therefore, we 
have 

/ \\/vci\'' dx = Ap v1j~'^ (vci - t) dx < Ap\\vq\\l^^ (v,-, - t) dx. (16) 
(Note that At is open and therefore V{vq — t)+ = Vvq in At.) 
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Now, we estimate \'Vvq\^ dx from below. For this, we apply Holder 's inequality and ((TSl l to obtain 



P 



t)dx] < / {v^-ty dx] \At\^p*<L^ / |Vi;,px. 



Thus, 



what yields, taking into account |[T6t , 



So we have ^ 

f K-o^^y <-, 



This last inequality can be rewritten as 



N(p-i) / \ !^ — , 



\ p+IV(p-l) / Ap 11 110-1 , , , , 

<\^-^Ml'j \At\. 
By defining 

m ■■= J^^ (^-? - f) 

from Cavalieri's Principle follows that 

/CO 
\As\ds 

and therefore f (t) = — \ At \ . Thus, l(T7t can be rewritten as 



l<-i^-^Ml'j fit) 



Integration of i fTSl l yields 



t<X^,,p(||z;,||Jr+~(p-i) 



where 

N 



Making t — >■ Ijz'fyll^ we obtain 



and hence, by noting that 



we obtain 



which gives flSl l. 



< 



N(fl-l) , , ^ fN + 1 



Lemma 3 We have 



Hm 



1 



Hm 



{in 4^^) 



Ir f I 



where 



9p := exp ( ||ep||^''y^ep |lnep| 



Proof. It follows easily from L'Hospital rule, since 



la ^p^^j 



V 



In. ^p^-^ 



exp 



E-lnl J^eldx)- In J^e^dx 



J 



p-q 



Theorem 4 The asymptotic estimates for \\uq\\^are true: 



< |n| P Km« < liminf ||uq 



and 



Proof, lil < p < q < p* we have 



limsup||Mq|| <0p||ep|| < liminf 



q^p 



u^dx < 



VUa\^dx = I uldx = I ^U^dx < \\Ua\\l_^ / Uadx 



ICl ' ?^p Jci' " JCi ' JCi ' ' ""JO. 

showing that > 1- Thus, lfT5|l of Theorem|2]applied to = Uq and Holder's inequality imply that 



and hence 



F+N(p-1) / i\ 



(Xn,p) |n|? ' < II Mg 



1_1 \ P+N{p-<l) 



which leads to the second inequality (|20l . 

Both inequalities in l|2T1l follow from Lemma |3l since 



Ac, = Rqi^q) < Rqiep) 



gives 



W V A 



< 



\ 



p-'i 



, if 1 < p < q 



and 



I'? V A 



Aq \ 



> 



(/n 4^^) ' 
In. ^p'^-^ 



\ 



, a 1 <q < p < p* 



Corollary 5 The solution Uq defined by © satisfies 

< |n| XAf^p < liminf ||Mg||^ < limsup ||m<j||^ < (Xn^p) p |n| . 
Proof. It follows from ||20ll and ||21) of TheoremHthat 

-1 -i -i 

ANp < liminf(|0| ' ) < limsup(|n| ' Mo ) 

< \n\~p 0p llepll < liminf(|n|"9 ||mJ J. 

_i 

Since I n| ■) < we obtain 

-1 II II II II 

0<|n| Xjv B < liminfflQl i \\ua\\ ) < liminf Mg . 

'f ^_!.p II i\[q' ^_!.p II /iioo 

But (HU implies 

||mJi < < |n|^"? |n|^ = |n| . 

So, it follows from Theorem |2] that 

P+N(p-1) p 

what produces the last inequality in l l22t . 
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Lemma 6 For each q e (1, p*), let llq 



-. Then Uq converges to Cp when q ^ p inC^{Cl). Moreover, 



Proof. Since 



^-dx 

n q-p 

-AUq = 

Ua = 



n 



ep\]nep\dx as q ^ p. 



in n, 
on dCi, 



(25) 



(26) 



it follows from Corollary |5] that ^ las;^ p. Because the right-hand side of the equation in (|26] | is 

uniformly bounded with respect to q close to p, we have that 1 1 i-^g 1 1 j ^ < C for some positive constant C which 
is also uniform with respect to q close to p (see [14, Thm. 1]). Therefore, the compactness of the immersion 
C^'*(n) ^ C^(n) implies that, up to a subsequence, Uq converges in (O) to a function U > such that 
1 1 ^ 1 1 CO ~ 1 • Taking the limit q ^ p in the weak formulation iSll with A = Xp ^ , we obtain 

/ \VUf^^\/U -X/cpdx = \„ f lUf^^Ucpdx 
Jci in 

for an arbitrary test function ^ G Wq'^ (Q), proving that LT is a nonnegative weak solution of ||2]|. Since ||(Jl|oo = 1/ 
we conclude that U = Cp and the uniqueness of the limit proves that this convergence is in (^) ■ 
In order to prove ||25|| we observe that 



q-p 



< 



\q — p\ 0<t<l 



max \tP - t1\ 



1 



1^- PI P v? 



p \ 1-p 



<?- Pi 



1 

P v? 



1 

1-p 



what implies that — is uniformly bounded with respect to q close to p, since 



lim sup 



q-p 



< lim - ^ 

<j^p p \q 



p \ 1-p 



Pexp(l)' 



Therefore JZSl l follows if we prove that 



q-p 



gp llngpl as <j p a.e. in n. 



This convergence is uniform in K. C CI compact. Indeed, if < e < mincp, we have 



< minee 



K 



e < e„ — e < Ug < e„ + e in/C 



for all q sufficiently close to p. Hence, in /C it is valid that 



(ep + e)'?ln(ep+e) < liminf-^ ^ < lim sup ^ < - [cp - ef \n{ep - e) , 



q-p 



q-p 



(27) 
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since 

q^p+ q - p 

and 

n — = -(ep-e)nn(ep-e). 

q^p+ q - p 

Therefore, making e ^ 0+ in l|27t we conclude that 

- U'^ 

lim — = —eZh\e„ = eZ lineal 

q^p+ q-p p y y\ n 

and analogously 

lim — ■ = e{. In gp . 

q->p- q-p 



Lemma 7 Suppose that || u^,, || ^ — > i± where q„ — ?■ p^. Then 

^1;^^^^ ^^ln(L±). 

qn- p 

Proof. Let us first consider the case q„ p+. Then, for each e > we have 

qn - p ~ qn - p ~ qn - p 

for all n sufficiently large. Since 

ln(L+ - e) = lim ^ — ^ and ln(L+ +e)= lim ^ ^ 

we obtain 

ln(L+ - e) < liminf " < lim sup " < ln(L+ + e). 

qn - p <?« - p 

Thus, by making e ^ 0+ we obtain 

IIm 

" ^lnL+ asfl„ ^ p+ 

qn-p 

and analogously 



= lnL_ as — J' p~- 



qn-p 
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Theorem 8 We have 

limsup < Op < liminf \\uq 



Proof. It follows form Picone's identity (see 121 Thm 1.1]) that 

|Vu|P > |Vi;|P-^Vi;- V (^^^ 

for all differentiable w > and v > 0. Thus, by applying it to Uq = j. — [j — and Cp we obtain 



f IVJj/rfx > / 
JO Jci 



\VUc\''dx> I \Ve„\^ ^\/ep-V \^-^jdx. 



U 



(A consequence of Hopf 's boundary lemma (see fl^l) is that /ep ^ E WQ'^(n).) 
Since Uq satisfies l|26|l and (Ap, Cp) satisfies lO we obtain from l|29] | that 



II "91 



that is. 



oil ; Uldx > / Ugdx. 



Let us assume that p < q.ln this case we rewrite (|30] | as 

ii"X---w,,,,,/iizig,,. 

^? - p in ' Jn q-p 
Now, if (j„ ^ p+ is such that lim ||Mq„ ||^ = 1+ then it follows from Lemma[6]that 



/■ f f U^ - U^" 

/ Ul"dx^ / epdx and / — —dx ^ e„\]ne„\ . 

Jn ^" Jn Jn qn- p r \ r\ 

Therefore, Lermna[7]and ||3TI give 

/n ^p'^''^ 

or equivalently 

7ne^ |lnep|dx 



We conclude that 



0p < liminf ||m^ 

The case ^ p~ is analogous by rewriting (|30] | as 

I"?-? 1 ^ ^1 ir^-P 



\Uq\ 



If r 1 -W 

- / UUx < / LTo^ "^—dx. 

p-q Jn ' Jn ' p - q 
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We obtain 

where L_ = lim llMg,, 11 and q„ p~. Therefore we conclude that 



Hmsup ||wg||^ < Op. 



Now we prove our main result on the asymptotic behavior of the resonant Lane-Emden problem (|6]l. 
Theorem 9 We have the convergence in (O) 

limug = epexp (^\\ep\\~^ j^Cp \lnep\dx^ 

Proof. The asymptotic estimate l l22l l of Theorem |2] combined with classical results (|8l[14Hl8l) guarantee that Uq 
is uniformly bounded in C^'"(n) (with respect to q) for all q close enough to p, for some < a < 1. Hence we 
conclude, as in the proof of LemmalU that up to a subsequence, Uq converges in (^) / when q p+, to a weak 

solution u E (n) n Wq'^ (O) of the resonant Lane-Emden problem ||2ll such that u = k+Cp. 

It follows from ||2l]| of Theorem |4] that k+ < 9p. On the other hand, (|28t yields 9p < k+, proving that k+ = 6p. 
The uniqueness of the limit guarantees that 

lim Hg = 9pep 

inC^ (n). 

Analogously, Uq converges in (n)to BpCp if q ^ p~ in (O) . □ 



Corollary 10 The application q ^ Aq is dijferentiable at q = p and 

^^[^,]q=P = ^pHOph\\p)- (32) 

Proof. Since \\uq\\^ = ' it follows from Theorem |9] that 

lim In -i =lim ^ ^ = In J e J L • 

q^p \ApJ q^p q-p V f II flip 

Thus InAq is differentiable at q = p and ^ [In Ag]^_p = ln{9p \\sp\\^) which is equivalent to differentiability of 
Aqatq = p with ^ [A,] given by ||32ll. □ 
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Remark 11 The estimate 

where is the first eigenfunction normalized by the Wq'^ norm, was proved in 131. 

Sfnce liminf II 1 1'' = fflp ||ej,|| (as proved in Theorem^ and {Ap\\^p\\^)~^ = \\ep\\^ < (^^p |kp|| , we see 

that this estimate is not sharp. 

It is interesting to remark that in the Laplacian case p = 2, a simpler argument can be used to prove directly 
that 

lim Mo = £2 exp I Ik2ll9^^ / e2\lne2\dx 

Such argument has already appeared in |[7|/ where the asymptotic behavior of positive solutions of a logistical 
type problem for the Laplacian was studied. It explores a self-adjointness property type which is valid for the 
Laplacian. In fact, 

^2 IWaW^^^ [ Ul~^e2dx = [ \/U- \/e2dx = [ Ve2 ■ VU2dx = X2 I esU.dx 
" in ' in in in 

leads to 

^a.A^— / I 



Llj e2dx = / — e2Uqdx. 



q-2 Jn ^ Jn\ q-2 ^ 

Thus, if \\u„„ II L then 

||%,ir"'-l InN$i^)<^2UqJx 

InL = limln " = lim ^ ( = \e2 \7 / e2|lne2|dx 

^n-p » J^Ufj"-\2dx 

proving that 1 1 "ij 1 1 ^ exp 1 1 ^2 1 1 2"^ /n ^2 11^*^21 dx\ . 

Order of growth analysis was introduced in flOl in order to extend this results to the p-Laplacian but the 
arguments given there are not clear. Our approach avoids this method by using Picone's identity and is simpler. 

2.1 The first eigenpair (Ap, e^) via non-resonant problems 

In this section we show how to build sequences converging to the first eigenpair of the p-Laplacian from 
positive solutions (ground states in the super-linear case) of the non-resonant Lane-Emden problem 

-Am = A|m|''~^m inO 

M = on an ^ ' 

with A > arbitrarily fixed and q ^ p. As mentioned before, the advantage here is that A can be chosen 
arbitrarily in computational implementations of (|33] | and does not need to be close to Ap. A numerical solution 
of the nonlinear problem | |33|| is easier to obtain than directly compute the first eigenvalue of the p-Laplacian. 
For each 1 < q < p* we consider the weak solution of l|33] | given by 

Ux,q '■= [j^J "-7 (3'*) 
where Uq is the positive solution of the resonant Lane-Emden problem ||6). 
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Theorem 12 For any \> Qwe have 



and 

-r. r. )• gp inC [11) as q ^ p. 

Proof. This follows from Lemma [6] combined with l l34ll since 

- LI, and A ||ma,<j||1~^ = Ap ||Mq|l''"'' 



Therefore, one can compute a numerical solution of problem (33t with q close to p in order to obtain approx- 
imations for Ap and Cp simultaneously. This approach is used in [5J, where the iterative sub- and super-solution 
method in the sub-linear case is also applied. 

Remark 13 Theorem\T2\remains true if one replaces the L°° norm by the U norm. That is, one also has the convergences 

A \\ux — > Aj, and -n — > -n — tt— in the norm. 

We now show that the convergence pq — > A, implies that the quotient 

(J^\lhi ll„ II'? Il„ 119 



9 '11 IIP , p II IIP P II IIP' 

■■"A'Jp (^)~ ll"Jp F'?llp 

also converges to Ap as ^ p. Moreover, we estimate the convergence order in the approximation of A, by p^j. 

Theorem 14 T/zere /joZrfs; 

(i) Ap ^ A,. 

(ffj lim Ag = Ap. 



(fzz'j Ifq is close enough to p, then 



< K\q — p\ 

for some positive constant K which does not depends on q. 



Proof. Since lim LIo = lim LIo = et, , we have 

q^jj II 'll? q^p II ^llp II f^llp 



II ^'Hl\p II '^iHWp II "flip II '/Hp 
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proving (i) and (ii), since 



Ap < lim Afl = lim Mfl 



= ( lim Mfl ) I lim r-l- 

v/'^ u^p- iimij 



We also have 
A, 



1 



l"?llq 



I '/lip 



- u!i \ dx 



< 



■ f max W -t^\dx < K\p - q\ 



since llJJall'' 
II "i II p 



|ep|||J uniformly. 



□ 



Remark 15 Since ji^ < Ap in the sub-linear case (see [5]), the rate of convergence of both jiq and Aq to Ap is at least 
0{p-q). 

3 Asymptotic behavior for the non-resonant problem 

In this section we describe the asymptotic behavior of ^ in the norm when q ^ p, for each A > 0. Our 

1 p 

results generalize that in |3| (where the sub-linear case was handled in Wq'^) and in [11] (where the super-linear 
case was handled in the same space). Our method is independent of those already used. 

Theorem 16 Let ux^q be the positive solution of{33i defined by (l34l >. Then 

r II II ( if A < Ap , II II ( CO if A < Ap 



q^p- - if A>Ap <?^p+" ''"'^^ 10 if A>Ap 

Proof. From Theorem |4] follows that 

II II II /A\p^|| II /A\p^,^,_i|| II /A\p^,^,-i„ 

\M\c^ = [-p) Mo^[tp) '''' '""^"^-UJ ' ' 

for some positive constant j6 which does not depend on q close to p. Thus, when q ^ p^ and A > Ap or when 
q ^ p^ and A < Ap, then ||m,v^^||^j oo. 

Since Uq is imiformly bounded in C^'"(n) with respect to q if q is close to p, the continuity of the immersion 
C^''*(0) ^ C^(n) implies that ||Mq||(;i < K for some positive constant K that does not depend on q close to p. 
Hence, when q ^ p^ and A < Ap or when q ^ p^ and A > Ap, we have 

1 _j_ 
A \ p-1 II II „ / A \ p-'i 
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We remark that, if {^A,!^}^^^^^* is another family of positive weak solutions of ||T]|, then we have ||c'A,q||^ — >• oo 

when q ^ and A > Ap or when q ^ and A < Ap. 
In fact, it follows from (|9) and Theorem |2] that 

f ^ u u ^, f 

ll-Ml|,>||«A,,||,= (^^j h,l>^[Y^) 

for some positive constant M which is imiform with respect to q, for all q close to p. 
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